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Abstract 

In our previous paper [GPS2] the Cayley-Hamilton identity for the GL{m\n) type quan- 
tum matrix algebra was obtained. Here we continue investigation of that identity. We derive 
it in three alternative forms and, most importantly, we obtain it in a factorized form. The 
factorization leads to a separation of the spectra of the quantum supermatrix into the " even" 
and "odd" parts. The latter, in turn, allows us to parameterize the characteristic subalgebra 
(which can also be called the subalgebra of spectral invariants) in terms of the supersymmet- 
ric polynomials in the eigenvalues of the quantum supermatrix. For our derivation wc use 
two auxiliary results which may be of independent interest. First, we calculate the multipli- 
cation rule for the linear basis of the Schur functions sx (M) for the characteristic subalgebra 
of the Hecke type quantum matrix algebra. The structure constants in this basis are the 
Littlewood-Richardson coefficients. Second, we derive a series of bilinear relations in the 
graded ring A of Schur symmetric functions in countably many variables (see [Mac] ) . 
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1 Introduction 

In the present paper, we continue the investigation of the supersymmetric GL{m\n) type quan- 
tum matrix (QM) algebras initiated in [GPS2]. Let us recall briefly the history of the subject. 

The first examples of the QM algebras were considered in the seminal papers of V. Drinfel'd 
[D] and L. Faddeev, N. Reshetikhin and L. Takhtajan [RTF]. There, a particular family of 
QM algebras — the algebras of quantized functions on the groups, shortly called the RTT al- 
gebras, were defined. Soon after, another important subclass of QM algebras — the reflection 
equation (RE ) algebras, were introduced into consideration (see, e.g., [KSkl, KSas]). The 
general definition of the QM algebras was found by L.Hlavaty who aimed at giving a unified 
description for RTT and RE algebras [H]. This idea might seem quite strange at first glance 
(the representation theories of the RTT and the RE algebras are very diff'erent). At the same 
time, the structure investigations carried out separately for the RTT [EOW, Zh, lOPS] and the 
RE algebras [NT, PS, GPSl] reveal a remarkable similarity of both the algebras to the classical 
matrix algebra. Namely, it turns out that the RE and the RTT families admit a noncom- 
mutative generalization of the Cayley-Hamilton theorem and for the matrices of generators in 
both the cases a noncommutative analogue of their spectra can be constructed. Having this in 
mind, the general definition of the QM algebras was independently reproduced in [I0P2] and 
the noncommutative version of the Cayley-Hamilton theorem was derived for the QM algebras 
of the general linear type (sec [lOPl, I0P2, I0P3]). 

The family of GL{m) type QM algebras was a good case to start with. An investigation 
of the other classical series of the QM algebras falls into two cases — the case of the Hecke 
type QM algebras and the case of the Birman-Murakami-Wenzl (BMW) type QM algebras. 
The difi'crence is in the choice of a quotient of the group algebra of the braid group which 
enters (through its R-matrix representation) into the QM algebra definition. The Hecke case 
contains the general linear type and its supersymmetric generalization — the GL{rn\n) type 
QM algebras. The BMW case includes orthogonal- and symplectic- type QM algebras and their 
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supersymmetric analogues. An investigation of the BMW case was started in [0P2], where the 
Cayley-Hamilton identity and the spectra of the orthogonal- and symplectic- type QM algebras 
were identified. 

The supersymmetric GL[m\n) type QM algebra was studied in our previous paper [GPS2]. 
In that paper, we gave a proper definition of the family of the GL(m\n) type QM algebras and 
proved the Cayley-Hamilton identity for them. Our work may be viewed as a generalization of 
both the results by I. Kantor and I. Trishin on the Cayley-Hamilton equation for the superma- 
trices [KTl, KT2] (the invariant Cayley-Hamilton equation in their terminology), and by P.D. 
Jarvis and H.S. Green on the characteristic identities for the general linear Lie superalgebras 
[JG]. 

Still lacking in the GL{m\n) case is the identification of the spectrum of the quantum su- 
permatrices.^ Alternatively, one can ask for a proper parameterization of the characteristic 
subalgebra of the GL(m\n) type QM algebra (the abelian subalgebra of the QM algebra which 
the coefficients of the Cayley-Hamilton identity belong to). This problem is addressed in the 
present work. First, we investigate in detail the structure of the characteristic subalgebra in the 
Hecke case. Then, we derive a series of bilinear relations in the graded ring A of Schur symmet- 
ric functions in countably many variables (for the definition see [Mac]). These combinatorial 
relations may be of independent interest. 

The structure of the paper is as follows. In the next section, subsection 2.1, we derive 
the multiplication rule for the set of linear basic elements of the Hecke type characteristic 
subalgebra — the so-called Schur functions s\{M) (the notation is explained below). The 
structure constants in this basis are just the Littlewood-Richardson coefficients. In other words, 
we define the homomorphic map from the ring of symmetric functions A to the characteristic 
subalgebra of the Hecke type QM algebra. To efficiently apply this map in the GL{m\n) case, we 
need a series of bilinear relations for the Schur symmetric functions sx G A.^ They are proved 
in subsection 2.2. For derivation we use the Jacobi-Trudi formulas for the Schur functions sx 
and apply the Pliicker relations. The same method was used in [LWZ, Kleb] for the derivation 
of different bilinear relations for the Schur functions. We also remark that our bilinear relations 
certainly have common roots with the factorization formula for the supersymmetric functions 
[BR, PT]. 

In section 3, we derive three alternative expressions for the Cayley-Hamilton identity for 
the GL(m\n) type QM algebra. In subsection 3.1, the bilinear identities of subsection 2.2 are 
used to factorizc the GL(m\n) type characteristic identity into a product of two terms. Let us 
stress that the factorization is achieved without extending the algebra by the eigenvalues of the 
quantum supermatrix. To the best of our knowledge, this fact has not been observed before 
even in the classical supermatrix case. The factorization allows us to separate '"even" and "odd" 
eigenvalues of the quantum supermatrix in a covariant manner. That is, wc do not specify 
explicitly the Z2-grading for the components of the quantum supermatrix. Instead, we observe 
the " manifestation of even and odd variables" in the factorization property of the characteristic 
polynomial. Two more versions of the Cayley-Hamilton theorem are presented in subsection 
3.2. They are given in terms of the (skew-)symmetric powers of the quantum matrices'^ and 
generalize the corresponding results of [KT2, T] to the case q 1- Yet another scries of bilinear 

^Here we put the problem for the generic QM algebra. For the subfamily of RE algebras and at the level of 
finite dimensional representations it was considered in [GL]. 

^There should be no confusion between the elements sa € A and their homomorphic images sx{M) in the 
characteristic subalgebra. The argument in the latter notation is used for distinguishing purposes. It refers to 
the matrix of generators of the QM algebra. 

^The notion of the skew-symmetric power of the matrix was suggested by A.M. Lopshits (see [G.G], p. 342.) 
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relations for the Schur symmetric functions sx is used here for derivations (sec lemma 8). These 
relations are also applied in the last section for parameterization of the Schur functions s\{M). 

Finally, in section 4, we compute expressions for the coefficients of the GL{m\n) type Cayley- 
Hamilton identity in terms of the quantum matrix eigenvalues. The resulting parameterization is 
given in terms of the supersymmetric polynomials [Stem] (see also [Mac], section 1.3, exercises 23 
and 24). It is worth mentioning that the supersymmetric polynomials were originally introduced 
by F. Berezin [Bl, B2] for a description of invariant polynomials on the Lie superalgebra 0[(m|n) 
(see also [SI] and references therein). 

Some auxiliary q-combinatorial formulae which we need for derivations in section 2.1 are 
proved in the appendix. 

Throughout this text we keep the notation of the paper [GPS2]. When referring to formulae 
from that paper we use the shorthand quotation, e.g., symbol (1-3.21) refers to formula (21) 
from section 3 of [GPS2]. For reader's convenience in the rest of the introduction we collect a 
list of notation, definitions and results mainly from [GPS2]. 

Let y be a finite dimensional C-lincar space, dim^ = A^. Consider a pair of elements 
R,Fe Aut(y®^). Fixing some basis in the space V we identify operators R and F with 

their matrices in that basis. We use the shorthand matrix notation of [RTF]. I.e., we write R-i 
(or, sometimes, more explicitly Ra^i) for the matrix of the operator Id®*^*^^) (8) i? 05 Id®'^'^^*^^) 
acting in the space T/®^. Here Id G Aut(V) denotes the identity operator. The integer k is 
not shown in the matrix notation. In each particular formula the actual value of k can be 
easily reconstructed. Few more conventions: I is the identity matrix; P G Aut(y®^) is the 
permutation automorphism {P{u ® v) = v iSi u). 

The pair of operators R and F can be used as an initial data set for the QM algebra, provided 
they satisfy the following conditions 

i) The matrices of both operators R and F are strict skew invertible. The skew invertibility 
means, say for R, the existence of an operator '^^ G End(y®^) such that Tr(2) -^12^23 = 
Pis , where the subscript in the notation of the trace shows the number of the space V, 

where the trace is evaluated (here we adopt labelling := Vi (S> V2 (S) ■ ■ ■ ® V^). The 
strictness condition implies invertibility of an element := Tr(2)^i2: G Aut{V). 

With the matrix one then defines the R-trace operation Ttr : Matjv(VF) W 

N 

Tir{X) := J2 D'^l^], X G Mativ(iy), 

where W is any linear space (in considerations below W is the space of the QM algebra). 

ii) The operators R and F are the R-matrices, that means they satisfy the Yang-Baxter 
equations 

R1R2R1 = R2R1R2 ) F1F2F1 = F2F1F2 . 

iii) The operators R and F form a compatible pair {R, F} (the order of operators in this 
notation is essential) 

R1F2F1 = F2F1R2 , F1F2R1 = R2F1F2 . 

Given the pair {R,F} satisfying conditions i)-iii) the quantum matrix algebra M{R,F) is 
defined as a unital associative algebra which is generated by components of the matrix 
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||Mj||^^ subject to the relations^ 

Ri MjM^ = MjM^Ri . (1.1) 

Here we used the iterative procedure 

Mj = M, Mj^ = F,M^F,-' (1.2) 

for the production of copies M-^ of the matrix M. The defining relations (1.2) then imply the 
same type relations for any consecutive pair of the copies of M (see lemma 1-4) 

Rk Mj^Mj-^ = Mj-Mj^Rk. (1.3) 

Imposing additional conditions on the R-matrix R we then extract specific series of the 
QM algebras. 

iv) Demanding R to be the Hecke type R-matrix, that means its minimal polynomial to be of 
the second order 

{R + q-'l){R-qI)=0, qe{C\0}, (1.4) 

we specify to the Hecke type QM algebra. The C-number q becomes the parameter of the 
algebra. 

v) Given a Hecke type R-matrix (1.4), one can construct a series of R-matrix representations 
of the Hecke algebras^ 'Hp{q) 

PR ■■ Hpiq) ^ End(y®f ), p = 2, 3, . . . . (1.5) 

Let us impose an additional restriction on the parameter q 

q^^^l, k = 2,3,..., (1.6) 

which ensures the algebras 'Hp{q), p = 2, 3, . . . , to be scmisimplc. Then we can further 
specify to a series of the GL{m\n) type QM algebras. For their definition we use a set of the 

primitive idcmpotents € Hp{q) labelled by the standard Young tableaux {a}, where 
A h p is a partition of p, and index a enumerates different standard tableaux corresponding 
to the partition A (see section 1-2). The GL{rn\n) type QM algebra is characterized by the 
following conditions 

a) the representations pR (1.5) are faithful for all p < {m-\- l)(n -|- 1); 

b) for p > (m -|- l)(n -|- 1) the kernel of pR is generated by (any one of) the primitive 
idempotents Ea corresponding to the rectangular Young diagram ((n -|- 

l)(m+l)); 

c) the Schur function S(„m-)(Af) (sec definition below) corresponding to the rectangular 
Young diagram (n™) is an invertible element of the QM algebra.^ 



*In [GPS2] we also demand skew invertibility of an operator Rf := F~^R~^F in the definition of the QM al- 
gebra. As is proved in [OP2] (see lemma 3.6), the latter condition is a consequence of i)-iii). 

brief description of the Hccko algebras, their R-matrix representations, the primitive idempotents and the 
basis of matrix units is given in [GPS2], sections 2 and 3. For a more detailed exposition of the subject the reader 
is referred to [R, OPl] and to references therein. 

^This condition was not imposed in [GPS2]. We will need it now for the spectral parameterization of the 
characteristic subalgebra (see eqs.(3.5), (3.6)). 
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Two comments are in order: 

• It is well known that the classical (g = 1) GL(m\n) type supermatrices satisfy properties 
v)-a) and v)-b) (for a proof see [S2], theorem 2, and [KTl], theorem 1.2). Hence, using the 
deformation arguments we can make sure that these properties remain valid for a variety 
of the QM-algebras related to the standard GL{m\n) type R- matrices described, e.g., in 
[DKS, I]. For our applications (at least) it is convenient to use v)-a) and v)-b) as defining 
conditions for the GL(m\n) type QM-algebras. It seems verisimilar that (for q generic) 
any Hecke type QM-algebra is of GL{m\n) type (for some values of integers m and n). We 
are going to further argue this point in a separate work. 

• Notice that relation m + n = N = dim V between the algebra parameters m, n and N is 
not assumed in the definition. Although it is indeed satisfied in many examples (say, for 
the QM algebras constructed by the standard GL{m\n) type R-matrices), there are known 
exceptions from this rule. A series of counter-examples was constructed in [G.D]. 

Prom now on we restrict ourselves to considering the Hecke type QM algebras with the 
parameter q satisfying condition (1.6). 

The characteristic subalgebra Char(i?, F) of the QM algebra Ai(R, F) is a linear span of the 
set of Schur functions s\ (M) 

so(M):=l, sx{M):=TT^^^_,,k){Mj...M^pR{E^)) Xhk, k = l,2,..., (1.7) 

where is any one of the primitive idcmpotents corresponding to the partition A (the expression 
in (1.7) does not depend on a). As was shown in [lOPl], Char(i?, i*") is an abelian algebra with 
respect to the multiplication in A4 {R, F) . 

Consider a subspace Pow(i?, F) C Ma,tN{M.{R, F)) which is spanned linearly by the elements 

/ch(M) V ch(M) e Char(i2, F) , and (1.8) 
M^-'"'^ ■.= Tr^^2...k){Mj...M^PRix^^^)) ^x^^^eHkiq), k = 1,2, . . . . (1.9) 

In what follows elements of the space Pow(i?, F) will be shortly called the quantum matrices. In 
[GPS2] it was shown that the space of the quantum matrices carries the structure of the right 
Char(i?, F)-module and as a Char(i2, F)-module it is spanned by a series of quantum matrix 
powers of M 

M^:=I, M^:=M, := Tr^(2 . . . fe) (M^ . . . M^i?fc_i . . . i?i), k = 2,3,.... (1.10) 

In section 4.4 of [0P2] an analogue of the matrix multiplication was introduced for the space 
Pow(i?, F). It was shown there that the quantum matrix multiplication agrees with the right 
Char(i2, F)-module structure; it is associative (see proposition 4.12) and, moreover it is commu- 
tative (see propositions 4.13, 4.14). The latter result should not be surprising as all the elements 
of Pow{R, F) are descendants of the only quantum matrix M7 For our purposes in this paper 
it is enough knowing formulae 

= M *M * ...*M^ , (/ch(M)) *M^ = M^* (Ich(M)) V ch(M) G Char(i?, F) , 
k times 

(1-11) 

There should be no confusion between the quantum matrix product and the multiphcation in M.{R, F). The 
latter one is the product of the matrix components, while the first one is the product of the quantum matrices. 
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where by symbol "*" we denote the quantum matrix product. We also notice that for the 
family of the RE algebras the product * reduces to the usual matrix product. For the detailed 
description of the quantum matrix multiplication the reader is referred to [0P2]. 

The main result of our previous paper [GPS2] is the Cayley-Hamilton theorem for the 
GL{m\n) type QM algebras (see theorem I- 10). For its compact formulation and for later 
convenience we introduce a shorthand notation for the following Young diagrams (partitions) 



I / boxes 

= {ip + iyj^-'\k)=:[r\p]i. (1.12) 



k boxes 

Here the indices k and / take values I = 0, . . . ,r, k = 0, . . . ,p. If one of the indices k or / takes 
zero value, we will omit it in the notation, e.g., [r\p]^ = [r\p]k- 

Theorem 1 (Cayley-Hamilton identity) In the setting i)-iv) and v)-a,b) the quantum, 
matrix M composed of the generators of the GL{m\n) type QM algebra M.{R,F) fulfills the 
characteristic identity 

n+m min{i,m} 

j=0 fc=max{0,i— n} 
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2 Structure of the characteristic subalgebra 

Consider the graded ring A of symmetric functions in countably many variables. A Z-basis of 
A is given by the Schur symmetric functions s\, A h n, for > (we adopt definitions and 
notation of ref.[Mac], sections 1.2 and 1.3). 

It is not accidental that the similar notation s\{M) is assigned to the elements (1.7) of the 
characteristic subalgebra of the Hecke type quantum matrix algebra M{R, F). Indeed, consider 
the additive map 

A3 sx ^ sx{M) e C\iax{R,F) c M{R,F) (Hecke type). (2.1) 
Our first main result is as follows. 

Theorem 2 In the setting i)-iv) and (1-6) the additive map (2.1) naturally extends to the 
homomorphism of rings. 

A proof of the theorem is given in the subsection 2.1. 

In the subsection 2.2 we derive some bilinear relations for the Schur symmetric functions 
s\ G A. These relations are necessary for the derivations in section 3. 



p boxes 



r boxes 
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2.1 Littlewood- Richardson multiplication formula for sx{M) 

We will prove the theorem 2 by a direct calculation. To this end we adopt its alternative 
formulation 

Theorem 2' Let Ai{R,F) be a Hecke type QM algebra generated by the components of matrix 
M. Assume that condition (1.6) on the algebra parameter q is satisfied. Then, the multiplication 
in the corresponding characteristic subalgebra Char(i2, F) is described by the relations 

sx{M)s^{M)= ^xM^)^ (2-2) 

where s x{AI) , s fj_{M) € Char(i?, F) are the Schur functions (1-7), and C)(^ are the Littlewood- 
Richardson coefficients (see, e.g., [Mac], section 1.9). 

Proof. Since the cases m = or A; = in (2.2) arc trivial, we assume m>l and A; > 1. 

Let us first prove the relation (2.2) for the case ji = (1^) is a single column diagram. In that 
case it reads 

SA(M)s(ifc)(M) = Y^s,{M). (2.3) 

I/|-(fc + 7l) 

Here D denotes the inclusion relation on the set of standard Young tableaux (see section 1.2.1) 
and the summation Yl' is taken only over those diagrams v whose set theoretical difference with 
A is a vertical strip (for terminology see [Mac], section 1.1). 

For single column diagrams (l'^), k = 2,3,..., their corresponding primitive idempotents 
E'^-'^*') satisfy the well known iterative relations (see, e.g. [TW], lemma 7.2, or [GPSl], section 2.3) 



^(1) ^ 1^ ^(1'=) ^ - ^(I'^-i) (J" ' 

kq ^{k — j-jq 



where we use notation of the section 1.2.2. We shall apply these relations for a derivation of 
eq.(2.3). Consider the following chain of transformations 



5a(M)s(i.)(M) = 'IV^(i...„ + ,)[p,^(£;^)p«(E(i')T-)Mx...M^ 

, . . + fc) [pr{E^ £;(i'=-)Tn) j _ i4^,_,)p^(s(i'=-)Tn) Mj... 



n.q 

{k-1 



k—1 

= ^ Tv^d ...n+k) [pr{e^) {qi - Rn+i) ■ ■ ■ ( (^ny;^ - ^-+^-0 • ■ ■ • (2.5) 

Here in the first line we substitute definition (1.7) for the Schur functions and use eq.(I.3.19) 
for S(i^fc)(M) (the notation E^^"' is described in lemma 1.6). We remind that this expression is 
independent of the choice of index a labelling the primitive idempotents E^ G Hniq)- In the 
second line we apply formula (2.4) (recall that Ri = pniui)). In the third line we use relations 
(1.3) to permute the term pr(E^^ ^1^") with the product of matrices M, then apply cyclic 
property of the R-tracc to move pr{E^^^ ^)T"^ the leftmost position, and take into account 
the commutativity of the idempotents E^^'^ ^■'1^"' and E^. Repeating these transformations {k — 1) 
times we eventually obtain the last line expression. 
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Let us denote the argument of the R-traces in (2.5) as 

QiR) := pR{E^)Xn+i, (2.6) 
where i-n i-n+i fc-i 

* - ((i3^^-^)((i3^^-M---((Fri)-^-Wi).(2.7) 



We notice that in view of relations (1.3) and the cycUc property of the R-trace one can perform 
cycUc permutations of factors in Q{R) without altering the expression (2.5). We shall use this 

cyclic invariancc in order to transform Q{R) to a suitable form. 

The strategy of the transformation is as follows. We use a sequence of resolutions of the 
idempotent G T~in{q) (A l- n) in terms of idempotents G Hn+i{q) (i^ h (n + i), i > 1) 
described in (1.2.21) 

^a= E E^^- (2-8) 

We successively increase i in (2.8) from 2 to A; and evaluate the factors {q''~^ / {i — l)ql — Rn+i-i) 
in Q{R) on the idempotents pji{Ep) 



Here Ij := c{j) — c{j + 1) denotes the difference of the contents of boxes with numbers j and 

{j + 1) in the standard tableau |^| (for definitions see section 1.2.1); the symbol "=" means 
equality modulo cyclic permutation of factors. 

The evaluation rule can be argued as follows. Observe that the relations 

are satisfied in the algebra Hn+iig) (see (1.2.16)). Here the symbol E^^^^^^^ stands for the off- 
diagonal matrix unit labelled by the pair of standard Young tableaux | ^ | and | (^) | , where 
the tableau 1 } is obtained from the tableau | ^ } by the permutation ttj of boxes j and 

(j + 1). If {7rj(/3)} is non-standard the term with E^^^^^^ is absent in (2.10). 

Now, transform the expression pii{E^)Rn+i-i = pR{E^an+i-i) in the left hand side of (2.9) 
with the use of eq.(2.10). In Q{R) the contribution of the off-diagonal matrix unit Pii(-S^7r 
vanishes by virtue of the cyclic invariance. Indeed, 

PRi^^TTjiP)) ^n+i = PR{Ep'Ep^.(^p^) Xn+i = Pr{E^„.^p^) Xn+i PuiEp,) 

= pR{E'^p^^^f,)E^;)Xr,+i = 0. (2.11) 

Here the idempotent E^', corresponds to the standard tableau | ^' | obtained from the tableau 

1^1 by removing the box with the number (n + ?'). The first and the last equalities in (2.11) 
are consequences of eq.(2.8) and the multiplication table for the matrix units (1.2.7). In the 
second equality we made the cyclic permutation of terms which is allowed in Q{R). The factors 
Pr{E^,) and Xn+i are built of the mutually commuting R-matrices wherefrom the third equality 
in (2.11) follows. 
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Eventually, collecting the coefficients at the diagonal matrix unit pr{E^) in Q{R) results in 
the right hand side of eq.(2.9). 

So, we begin the transformation of Q{R). Setting i = 2 in (2.8) we come to the expression 
'5(^)= E E'^^W (9^-^+1) ^"+2. (2.12) 

v\-{n+2) /3Da 

For our calculation we have to specify an explicit way of enumeration of the Young tableaux. 

For a given tableau |^|, A h n, we take the index a := {oi, 02, . . . to be an ordered set of 
pairs of integers := {xi, j/j}, where Xj and yi are, respectively, the number of column and row 
where the i-th. box stands. Recall that the content of the z-th box is c{i) = Xi — yi (see sec. 1.2.1). 

In the summation index /3 in eq.(2.12) only the last two components vary. We shortly denote 
them as a and 6, that is /? = {..., o, 6}. For a and b in the summation (2.12) we have following 
three possibilities. 

i) a = {x,y},b = {x + l,y}. In this case in+i = c(n + 1) — c(n + 2) = —1. Hence, due to 
relation (2.9) such tableaux do not contribute to Q{R). 

a) a = {x,y}^h = {x,y + l}. In this case = c(n + 1) — c(n + 2) = 1. Hence, due to relation 
(2.9) the contributions of such tableaux in (2.12) equal 

2<?/5R(£^{...,„,6})^n+2- (2-13) 

in) a = {x,y},b = {x,y}, such that x ^ x and y ^y- In this case we combine contributions 
coming from two tableaux of the same shape with indices /5 = {. . . a, 6} and 7r„+i(/3) = {. . . 6, a). 
Taking into account eq.(2.9) we get 

^ MEU.,) ^^f^) (2.14) 

for the corresponding summands in (2.12). 

Noticing that the term (2.13) fits the form (2.14) with i^+i = 1 we can rewrite (2.12) as 

QW S g ' (MEl^^,,) ^^^^ . .H(«r.,„„) X„„ . (2.15) 

(a,b) 

where the summation goes over different shape diagrams u \- (n + 2) which are counted by 
unordered pairs {a,b), a = {x,y} and b = {x,y}. There is an additional condition y ^ y which 
means that in the diagram u the boxes with numbers (n + 1) and (n + 2) can not appear in the 
same row. It is this restriction which the summation symbol Yl' refers to (c.f. (2.3)). 
For what follows it is suitable to change our notation for £n+i- We substitute 

in+i = c{n + 1) - c(n + 2) — > 4b = {x - y) - {x - y) 

to manifest clearly the dependence on the summation variables a and b. 

We now proceed to the next step of the transformation. Substituting (2.8) for i = 3 into 
eq.(2.15) and noticing i^b = ~ha we obtain 

Q{R)^J:' E {pniEl.,a,,y)'-^ + PnH^^^^^^^^ (2-16) 

TF{n+2) c=u\t 
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where c labels all possible complements of the diagram r h (n + 2) by the (n + 3)-th box. 
Applying relation (2.9) we reduce this expression to the form 



=2^ 2^ (,Pi?(^{...,a,b,c}) . 2 ) + PRiE{...,b,a,c}) , . ^ ) i " 

tDA i/l-(n+3): l.'^ob^q ^gil.'^bc^q (.^-bo^g ^qC^acJq 

(a,b) 

(2.17) 

Next, we observe that the idempotents Pr{E^ a fee}) Pr{E{ feac}) ^'^^ expression above 
can be identified. Indeed, denoting ai{tj := (aj — q^/iq 1) we have 

PR(^{...,6,a,c})^n+3 - PR(c^n+l(4fe)-£^{...,6,a,c})^n+3 PR (o-„+l (^fe)) 

= PR(^{...,a,fe,c}^n+l(-4fe)(an+l(4fe))-')x„+3 ^ Pr(E{^...,„,,,,})X„+3, (2-18) 

where the cyclic invariance together with relations (1.2.13), (1.2.10) and (2.11) were taken into 
account. Thus, from now on the order of labels a and b makes no difference in the notation 
E{ a be} simplify it to ^y. Then, the expression (2.17) reduces to 

Q(^)=E' E /'i^(^{...,c})%^%^^n+3. (2.19) 

Tl-(n+2) c=i/\t 
(a,6) 

Here, noticing that iab = ^ac — ^ba we have transformed the coefficients at pii{E^ ^|) using the 
q-combinatorial formula (A. 3) for k = 2 and bi = iac, ^2 = ^fec (see Appendix). The double 
summation is carried out with the restriction that boxes (n + 1), (n + 2) and (n + 3) which are 
labelled by a, b and c must be placed in different rows of the diagram i/. 

Finally, we prepare the expression (2.19) for the next step calculation by collecting the 
summands which correspond to tableaux of the same shape 

QiR) = 1^ [PRiE{...,a,b,c)) 77— + PR(^{...,fe,c,a}) 

u^X y^acjq y^bcfq y^ba)q \^ca)q 

(a,b,c) 

(46 + 1)9 (46+1) 



+ (2.20) 



cb)q {^ab)q 

where the summation goes over different shape diagrams u \- (n+3) counted by unordered triples 

(a, b, c) such that neither pair of boxes a, b and c is placed at the same row of i'. 

Repeating the transformations described in eqs.(2.16)-(2.20) successively for i = 4,...,k 
and using q-combinatorial relations (A. 3), we eventually obtain 

k-l 



tda vh(n+k) i=l i^o,iak)q 

Tl-(n+fc-l) aj.=i^\T 
(oi,---,afc-l) 



QiR) = E E PRiH-,a.}) n ^ r ) • ^2.21) 



Here the unordered (A; — l)-tuples (ai, . . . ak-i) counting different shape diagrams r h (n + k — l) 
are subject to restriction that r \ A is a vertical strip. The summation variable labels all 
possible complements of the diagram r h (n + — 1) by the (n + /c)-th box. 

Formula (2.21) is the i = k step analogue of the relation (2.19). An important difference is 
the absence of the X-term in the right hand side of the expression (one can say that Xn+k = !)• 
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Therefore, in the final expression for Q{R) we have no need to distinguish between the differ- 
ent idempotents Pr{E^ j) (a^ taking various positions) corresponding to the same shape 
diagram v\- {n + k). Thus, the analogue of eq.(2.20) reads 

Q{R) ^ Y^PniEU) E n = k, E . (2.22) 

u\-(n+k) i^j i/l-(n+fc) 

(ai,...,afc) 

Here by y an arbitrary primitive idempotent corresponding to Young diagram v is under- 
stood, the summation J2' goes over all diagrams h (n + A;) such that i/ \ A is a vertical strip, 
and in the last equality we used q-combinatorial formula (A. 2) setting iaiu- = h ~ bj- 

Substituting expression (2.22) for Q{R) in eq.(2.5) we derive formula (2.3), which is a par- 
ticular example of the Littlewood-Richardson rule. 

Now we are ready to prove the general case. To this end, let us argue that elements Sj^ik^ {M), 
k = 0,1, . . . , form a Z-basis of generators for the set of Schur functions. Indeed, with the help 
of eqs.(2.3) it is easy to see that 

S(2fcim)(M) = S(^^(k+m)^{M)s(^ik){M) - S(^i(k+m+i)^{M)s(^i(k-i)^{M) V/c > l,m > 0. 

Then, using cqs.(2.3), elements S(3fc,2"i,i") (-^) can be expressed as linear combinations of mono- 
mials of the type S(2'ip)(-^)^(i'') (-^)- Etc. Repeating this procedure finitely many times one 
can express any Schur function sxiM) as a polynomial in generators S(^fe)(M), k = 0,1, . . . . 
The explicit expressions are given by famous Jacobi-Trudi identities (see [Mac], section 1.3). 

At last, since the product of generators S(-]^fc^(M) is described by the specification (2.3) of the 
Littlewood-Richardson formula, the product of two arbitrary Schur functions s\{M) and Sn{M) 
is to be given by eq.(2.2). ■ 



2.2 Bilinear relations 

In this subsection we derive a series of bilinear relations for the Schur symmetric functions 
s\ G A. By the homomorphic map (2.1) one can translate them to the characteristic subalgebra 
of the Hecke type quantum matrix algebra. These relations are used in section 3.1 to split the 
characteristic identity in the GL(m\n) case into the product of two factors and, thereby, to 
separate "even" and "odd" parts of the spectra of quantum matrices. 

Our derivation is based on the use of the Pliicker relations and we start from their short 
reminding (for details see [Stur]). 

Consider a pair of n x n matrices A= ||aij ||" and B = \\bij\\1. We denote the i-th row of the 
matrix A ctS Qj'li^ and introduce notation 

det^ := [A], A:= "J* '■■ '■■ j , (2.23) 

where the latter symbol contains a detailed information on the row content of A. Namely, it 

says that the row ai-^ appears in the matrix A at the i-th place (counting downwards). 

Let us fix a set of integer data {k, ri,r2, ■ ■ ■ , r^} such that 1 < k < n and 1 < ri < . . . < 
Tk < n. Given these data the Pliicker relation reads 

Qi* . . . bg^st, . . . bs2* • • • bsf.* ■ ■ ■ Oiji* 
1 ... n ... r2 ... Vk ... n 

6ls(( . . . (Ifi^i: • • • Clr2* ' ' ' ^Tk* • • • ^n* 
1 ... Si ... S2 ... Sk ... n 



[Am = E 

Ksi <...<si.<n 



(2.24) 
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where the sum is taken over all possible sets {k, si, . . . , s^}. We now apply the Pliicker relations 
for the proof of 

Proposition 3 Let us fix four integers r, p, I and k, such that 1 < I < r and 1 < k < p. 
Then in the ring A of symmetric functions the following bilinear relations are satisfied (for the 
notation see (1.12)) 



(2.25) 



Proof. For the Schur symmetric function s\ corresponding to a partition A = (Ai, . . . , Ap), the 
Jacobi-Trudi relation reads (see [Mac], section 1.3, eq.(3.4)) 



sx = det \\hxi-i+j\\Ti=i, 



(2.26) 



where m > p and the components of the matrix in the right hand side are the complete symmetric 
functions (that is, the single row Schur symmetric functions) hi := By convention, hi := 
if i < 0. 

Substituting expressions (2.26) into the left hand side of relation (2.25) and using notation 
(2.23) we have 



^[r\p]i\\p] 



hr, 



hp— 1-^2* hp— Is): . . . hp—r-^-ijf /tfe—j.* 

I l + l ... r r + 1 



X 



hp—l-\-\if hp— 1st: 

I l + l 



r r + 1 



(2.27) 



where the symbol /ij* := {hi, hi+i, hi^2, ■ ■ ■) is used for the rows of the matrices appearing in the 
Jacobi-Trudi formula (2.26). 

Now, wc transform the right hand side of eq.(2.27) using the Pliicker relation for the set of 
data {k = l,ri = r + 1}. In this case most of the summands in formula (2.24) vanish, since 
they contain determinants of matrices with coinciding pairs of rows. The only two contributing 
terms correspond to si = Z and si = r + 1. So, we get 



\\pYJ[r\p] 



1 



h. 



1 



■ hp-i^2* hp-i^: 

I l + l 

^k—r^ hp— I* • • • 

I l + l ... 



. . . hp—r-^\if hp—ij^\^ 

r r+1 
r r + 1 



+ 



hp-\-\* 
1 



h 



p* 
1 



hp— 1+2* hp-ijf 
I l + l 

hp — l-^l^ hp — l:tf 

I l + l . 



hp — T*"!-!* h — 
r r + 1 



hp— /ifc— r* 

r r+1 



X 



X 



(2.28) 



which, by the Jacobi-Trudi relations, is exactly the right hand side of the eq.(2.25) (to represent 
the first summand in the right hand side of (2.28) as a product of two Schur functions one has 
to move (r + l)-th row in its first factor up to the (Z + l)-th place, and Z-th row in its second 
factor down to the r-th place). ■ 
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3 Various presentations of the Cayley-Hamilton identity 



In this section wc derive three alternative expressions for the characteristic identity (1.13). 

In subsection 3.1 we use the resuhs of section 2 to present the characteristic identity for the 
GL{m\n) type QM algebra as a product of two factors of orders m and n. The factorization 
allows us to introduce separately the sets of "even" and "odd" eigenvalues for the quantum 
matrix M of generators of the algebra. 

In the subsection 3.2 we derive two other forms of the Cayley-Hamilton identity. They are 
written in terms of symmetric and skew-symmetric powers of the quantum matrix M, respec- 
tively. The coefficients of these identities are elements of the characteristic subalgebra and we 
find their expressions in terms of the Schur functions s\{M), and in terms of the eigenvalues of 
M. For the case of supermatrices these two expressions for the characteristic identity were first 
derived in [KT2, T]. 

3.1 Sepeiration of "even" and "odd" spectral values 

Prom the condition v) in the definition of the GL{m\n) type QM algebra it follows immediately 
that for all Young diagrams A containing the diagram ((n -|- 1)"*+^) = [m + l|n -|- 1] their 
corresponding Schur functions sx belong to the kernel of the homomorphism (2.1) 

sx^sx{M)=0 VA : ((n + l)"^+i) C A. (3.1) 

Therefore, the image of bilinear relations (2.25) with r = m, p = n in the characteristic subal- 
gebra of the GL(m|n) type QM algebra reduces to 

(M) (M) = (M) (M) yk,l: 0<k<n,0<l<m. (3.2) 

We shall use these relations to factorize the characteristic polynomial (1.13). To this end we 
multiply the identity (1.13) by the Schur function (M) from the right and apply eqs.(3.2). 
The resulting expression reads 

m+n min(i,m) 

E ^'"^"-^ E (^) ^'-'^lm\n],_,, (^) - • (3-3) 

i=0 fc=max(0,j— n) 

With the use of relations (1.11) it can be immediately turned into the quantum matrix product 

of two factors. 

Theorem 4 (Cayley-Hamilton identity in a factorized form) In the assumptions of 
theorem 1 the identity (1-13) implies 

m n 

(X^<D'M--^s^^iM)) * (E«-''^"-^-Hn].M (3-4) 

fe=0 r=Q 

The identities (1-13) and (3.4) are equivalent iff the Schur function S[^|„](M) is invertible (i.e., 
in case if all conditions i)-v) are satisfied). 

The factorization suggests a natural parameterization for the characteristic subalgebra. 
Namely, assuming that the conditions i)-v) on the GL{m\n) type QM algebra A4{R,F) are 
satisfied wc consider a homomorphic map from the characteristic subalgebra Char(i?, F) into 
the algebra C[/i, v] of polynomials in two sets of (mutually commuting) variables n := {//i}i<j<m 
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and V := {j^j}i<j<n- The map Char(i?, F) — > C[/x, z^] : sx{M) s\{jx,v) called the parameteri- 
zation map is given by relations^ 

-L-LJ -L-U .- 2^ q '^Hi^...fiii^ = ek{q n) , l<k<m, (3.5) 



l<jl<...<im<"^ 



XI {-(lY^h---^3r=(^r{-qi^), l<r<n. (3.6) 

l<ji<-<><n 



Here ejfc(-) denotes the specialization of the elementary symmetric function G A to the ele- 
mentary symmetric polynomial in finitely many variables — the arguments of e^.(-). The powers 
of the parameter q are introduced in order to get the simple form of the identity (3.7) below. 

Note that for the above parameterization we need assuming an invertibility of the Schur 
function S[j„|„](M) (see condition v)-c)). As we shall see in section 4, relations (3.5), (3.6) define 
consistently the homomorphism of the characteristic subalgebra Char(i?, F) to a subalgcbra of 
the super symmetric polynomials in variables {q'^/J'i} and {—qi^j} (see the definition in section 
4) 9. 

Now, it is straightforward to derive a completely factorized formula for the characteristic 
polynomial (1.13). Namely, the parameterization map defines naturally a left Char(i?, F)- 
module structure on the algebra C[/Lt, z^]. We shall use this structure to construct completion 
of the space of quantum matrices: 



Pow(R, F) ■.= Pow (R,F) C[u,z/] 

Char(R,F) 



The quantum matrix product for the completed space Pow(i?, F) is given by formula 

(iV x)*{K y):=(N*K) (xy) y N, K e Pow{R, F) , x,y e C[n,u] . 

Char(i?,F) Char{R,F) Char{_R,F) 

It is associative as well as commutative (sec discussion below eq.(l.lO)). 

Finally, notice that the characteristic identities (1.13) and (3.4) are written in the algebra 
Pow(i2, F). When passing to the completed algebra Pow(i?, F) we can apply substitutions (3.5) 
and (3.6) in the characteristic polynomial (3.4) and, thus, we turn it to a completely factorized 
form 

m n 

(^[min] (^) * - * n - ^i^) ^ o • (3-7) 
i=i j=i 

Here all products are understood as the quantum matrix products. 

The above totally factorized form of the Cayley-Hamilton theorem confirms interpretation of 
the indeterminates {fj,i} and {uj} as, respectively, "even" and "odd" eigenvalues of the quantum 
supermatrix M. 

Remarks Consider the Schur functions S[jn\n+i]i-^) *[m+i|n](-^) standing at the unity 

matrix / = M° in the two factors of the characteristic polynomial (3.4). In the recent paper 



^Here we implicitly assume the algebraic independence of the elements j ^ ^ k < m, and j-rp- 



1 < r < n 

9i 



[m\n] 



The characteristic subalgebra augmented by the inverse Schur function (s[m|„](M))~^ is parameterized by 
rational functions in and Vj which are symmetric (separately) with respect to variables in the subsets and v 
(see eqs.(3.5), (3.6) and proposition 15). 
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[KhV] it was shown that for the classical (q = 1) supermatrices the ratio of these two Schur 
functions (denoted there, respectively, as Ber'''(M) and Ber^(M)) gives an invariant expression 
for the Berezinian of the supermatrix M (see theorems 2 and 3 of [KhV]) 

Ber(M) = .j^l„^,j(M)/.(^^,|„j(M). (3.8) 
By the parameterization formulas (3.5), (3.6), 

Ber(M) h-> (-l)-g-(-+") n^^^ f,JU]=i , 

which supports an extension of the notation (3.8) to the case of the quantum matrix M. It 
would be desirable to relate formula (3.8) with definitions of the quantum Berezinian suggested 
in [N, LS]. 

Next, assuming invertibility of the Schur function (M), consider a following combination 

det(M) := s^^^^^^ (M)/.[„|„j (M) = (M) s^^^,^^^ (M)/.[„|„j (Mf . (3.9) 

Here the second equality is due to the relation (3.2). It immediately follows from the identi- 
ties (1.13), (3.4) that the quantum matrix M can be inverted provided the element det(M) is 
invertible. In view of the parametric formula 

det(M) ^ (-1)^"— UT=i t^i n]=i , 

it is natural to call det(M) a determinant of the quantum matrix M. In the classical {q = 1) 
supermatrix case the numerator of the first expression in (3.9) — Sj^|^j^(M) — was called in 
[KTl] a superdeterminant of the supermatrix M. 

Remark 6 We shall stress that the parameterization formulae (3.5)-(3.7) are obtained here at 
a formal algebraic level. A different approach based on the representation theory of the algebras 
was adopted in papers [JG, GL] (see also references therein and ref.[M]). The latter approach is 
well applicable for the family of RE algebras, in which case the characteristic subalgebra belongs 
to the center of the algebra (see, e.g., [I], updated version, section 3.2, proposition 5). However, 
it seems hardly possible to apply this approach for the QM algebras in general. 



3.2 Cayley-Hamilton identities for skew-symmetric and symmetric matrix 
powers 

We have already mentioned in the introduction that for the Hecke type QM algebras the corre- 
sponding Char(i?, F)-module Pow{R, F) is spanned linearly by the set M*^, k = 0,1,2, ... . The 
Cayley-Hamilton identity (1.13) then states that Pow{R,F) is not a free span of the quantum 
matrix powers of M. In this subsection we consider two other spanning sets for the space of 
quantum matrices Pow(i?, F) and derive equivalent forms of the Cayley-Hamilton identity in 
their terms. 

Consider quantum matrices (c.f., with eq.(1.9)) 

Ml^iy := 'IV^(2...fe)(MT...M^pR(£;Wil)), (3.10) 
mW*^1 := TV^(2...fe)(Mx...M^p«(£;W'=l)), (recall [r^] := (p^) . (3.11) 



16 



Following to A.M. Lopshits (see [G.G], p. 342, or [KT2, T]) we introduce series of skew-symmetric 
and symmetric quantum matrix powers of the quantum matrix M, respectively, 

fSO 



and 



I, M'^« := (-l)^-ife,M['=|i] + (-(?)^'5[fc|i](M)I, k = l,2,..., (3.12) 
/ , M^'' := /c.Mlil'^l + g-^S[i|fe](M) /, A; = 1, 2, ... . (3.13) 



In [I0P2] (see the Cayley-Hamilton-Newton theorem there) expressions for Mt'^m and MI^I*^! m 
terms of the quantum matrix powers of M were derived. Therefrom we calculate 

k k 

= E(-'Z)''M^^[.|i](M) , M^'^ = ^g-^M^S[i,,](M) . (3.14) 

r=0 r=0 

These relations can be inverted with the use of the inverse Cayley-Hamilton-Newton theorem 
[I0P2] and the Wronski relations (see, e.g., [Mac], eq.(2.6'))^° 

k 

J2i-'^y S[r\l] S[l\k-r] = <^(^), 
r=0 

where 6{i) := 1 if z = 0, and S{i) := otherwise. The inverse relations read 

= X:/M^('=-'-)s[i|,](M) = ^(-g)-'-M'5('=-)s[,|i](M). 

r=0 r=0 

Formulae (3.16) show that the space of quantum matrices Pow(-R, F) is a Char(i?, F)-span of 
each one of the sets {M^^}fc>o , {M^^}kyQ. We shall use them also for rewriting the Cayley- 
Hamilton identity (1.13) in terms of the (skew-)symmetric matrix powers. To simplify formula- 
tion we introduce one more notation for the Young diagrams of a particular shape. It is easier 
to explain it on the picture 



(3.15) 



(3.16) 



{f,\X) 



[m\n\ 



















that is, the Young diagram (/x|A) is a composition of the rectangular diagram [m\n] and the two 
diagrams A and /x, such that the length of A does not exceed m, and the length of /j?" is less or 
equal to n (we use the standard notation from [Mac]). 

Theorem 7 (Cayley-Hamilton identity for the (skew-)symmetric matrix powers) In 

the assumptions of theorem 1 the identity (1-13) can he written in the following equivalent forms 



min{2n,m+n} 

M^(™+"-^)4(M) = 0, 

fe=o 

where we denote 



or 



min{2m,m+n} 

M^^'^+^-'^VikW = 0, (3.17) 

k=Q 



dk{M) 
fk{M) 



E!,lLx{o,fe-n}(^ - 2r + l)g 5((fc-.,.)|0)(M) , 



(3.18) 
(3.19) 



Here the symbol | stands for the integral part of the fraction | . 



For the elements of the characteristic subalgebra the Wronski relation was proved in [I0P2] 
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Proof. The proof of the theorem is a straightforward calculation on the base of relations 
(3.16). We shall carry it out for the left identity in (3.17). Checking the right identity is a 

similar calculation. 

Substitute the expressions (3.16) for the quantum matrix powers JVf in terms of the 

skew-symmetric powers into the Cayley-Hamilton identity (1.13). Evidently, the identity takes 
the form 

m+n 

M^(™+"-^)4(M) = , (3.20) 

fe=o 

where the coefficients dt;{M) G Char(i?, F) are to be specified. We shall verify the explicit 

expressions (3.18) for dk{M) and refine the limits of the summation over k. 

First of all, collecting the contributions to dk{M) from the expressions for the matrix powers 
M'"+"-% < i < fe, we have 

k min{j,m} 

4(M) = ^c?^-.(fe_,)(M) (-l)''^''"^Hnli_/^^^- 

i=0 j=max{0,i— n} 

Then, introducing a new summation variable r = i — j and changing the order of summation 
over i and r we get 

min{fe,n} min{fe,r+m} 

4(M)= Yl {-^Yq'-'^ E (-ir«(fc-)W^Hn]r^W- (3-21) 

r=0 i=r 

Let us separately calculate the second sum in the expression above. 

Lemma 8 For any fixed pair of integers m and n, and for all integers r and k satisfying 
conditions < r < n, r < k < m + n, the following equalities 

min{fe,r-+m} ( 0, k>n + r+l, 

E i-^y^ik-iAmlnPr = . _ , (3-22) 

I (-irSi=me«{o,ik-n}^((fe-M)|0>> k<n + r, 

take place in the ring A of the symmetric functions. 

Proof. Denote iOk,r the expression in the left hand side of eq.(3.22). 

Consider the case k < r + m. Introducing a new summation variable j = k — i and denoting 
p := k — r, < p < m, we rewrite the sum ujk^r as 

p p-i 

j=0 j=0 

Applying the Littlewood-Richardson rule to the products we can gather terms in 

the latter expression into two separate sums 

p— 1 min{j,n} min{r,t} 

(-l)'''^fc,r = (-l)^S(p)S[„|„]^ -l-E(-l)^ E E S((r+t-i,i)|(i-«+l,lf-^-i)> 

j=0 t=Q i=max{0,r+t-n} 

p—1 min{j — l,n} min{r,t} 

+ E(-1)^ E E S((r+t-i,i)|(j-t,lf-^)> • 

i=l t=0 i=max{0,r+t-n} 
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As can be easily checked, the two triple sums in the expression above cancel each other except 
for the term j = p — 1 in the first sum. So, we obtain 

min{p— l,n} min{r,t} 

(-l)'=a;fe,^ = (-If S(p)S[^l„]^ + (-If-^ J2 Yl S((r+t-v)l(p-t))- (3-23) 

t=0 i=max{0,r+t—n} 

Consider now expansion of the product S(p)S[^|„]^ into the sum of Schur symmetric functions 

min{p,n} min{r,t} 

i-'^T^(p)^lm\n]r = (-1)^ X! X] «((r+t-i,i)|(p-t)> " {S.24) 

t=0 i=ma,x{0,t+r—n} 

Comparing the double sums in the right hand sides of eqs.(3.23) and (3.24) we observe that they 
are exactly opposite in the sign in case k>r + n + l-^p>n + l, and they differ by the term 
with t = p in case k<n + r<^p<n. Therefore, substitution of the expression (3.24) into 
eq.(3.23) results in formula (3.22). 

The case A; > r + m + 1 is treated in complete analogy with the above consideration. ■ 

Return to the proof of the theorem. By the homomorphism (2.1) the statement of lemma 8 
translates to the ring of Schur functions sx{M). So, formula (3.21) for dk{M) can be equivalently 
written as 

mm{fc,n} min{r,fc— r} 

4(M) = 0, iffc>2n; 4(M) = ^ g'^-^r ^ S((fe-i,i)|o), for < fc < 2n. 

r=max{0,k—n} i=max{0,fc— n} 

(3.25) 

The latter expression can be further simplified. In case < k < n we have 

k min{r,fc-r} [fc/2] k-i [k/2] 

dk{M) =J2<1^~'^'' Yl •S((fc-i,i)|o) = Y ^{ik-i,mJ2l^~'^'' = Z!(^~2i + l)5S((fc_i,i)|o>, 

r=0 1=0 i=0 r=i i=0 

(3.26) 

where in the second equality we changed the order of summation. In case n < k <2n the similar 
calculation gives 

n min{r,fc— r} i^/'^] 

dk{M)= J2 9^"'' E «((fe-i,i)|o) = E (^-2^ + l)«^((ik-i,i)|o>- (3.27) 

r=k—n i=k—n i=k—n 

Combining together the results (3.20), (3.25), (3.26) and (3.27) we get formulae (3.17), (3.18). 

■ 

Assuming additionally the Schur function s^rn\n]{M) = do{M) = fo{M) to be invertible we 
will now express the ratios dk{M) / do{M) and /fe(M)//o(M) in terms of the eigenvalues of the 
quantum supermatrix M. 

Proposition 9 Let M{R,F) be a QM algebra of the GL{m\n) type, that is the algebra defined 
by the set of conditions i)-v) (see introduction). Then, under the parameterization map (3.5), 
(3.6) we have 

, , . min{fe,n} 

^ - (-1)'= E <l'^er{v)ek-M. (3.28) 
^ ^ (-1)^= Y {-q)-^^er{^)ek-r{lA- (3-29) 

' r-=max{0,A;-m} 
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Proof. We shall prove the equality (3.28). The relation (3.29) can be checked in a similar way. 
Multiplying eq.(3.21) by do(M) we obtain 

min{A;,n} min{fc,Z+m} 

4(M)do(M) = Y: i-W-'' E ^M(^)^r„,„iO-0(^)^Nn]W 
1=0 3=1 ^ ' 

min{fe,n} rava{k—l,m} 
1=0 j=0 

where in passing to the second line we apply the bilinear relations (3.2) and shift the summation 
index j ^ j — I. The last sum in the second line can be calculated with the use of relation (3.22) 
(take there r = and substitute k ^ k — I). The result is 

min{fe,n} 

4(M)do(M) = Y. l'~"'^m\nl m (M). (3.30) 

i=m£ix{0,fe— n} 

The parameterization formula (3.28) follows immediately from the relations (3.6) and (3.30). ■. 

4 Spectral parameterization of the characteristic subalgebra 

In this section we complete the parameterization of the characteristic subalgebra in terms of the 
eigenvalues of quantum supermatrix M. To this end, in the subsection 4.1 we derive parametric 
expressions for the generators S(^ik-^{M) = S[fc|i](M) and S(^.)(M) = S[i|fc](M) and prove that 
the characteristic subalgebra is parameterized by the super symmetric polynomials. This, in 
principle, solves the parameterization problem. 

In the last subsection 4.2 we derive parameterization formula (4.12) for the Schur function 
Sj^l^^j(M). The latter result allows translating the condition of invertibility of S[m|n](^^) into 
conditions on the spectral variables {Mi}i<i<m and {^'j}i<j<n- We shall prove formula (4.12) 
using yet another series of bilinear relations in the ring A of symmetric functions (see lemma 14) . 
Note that relation (4.12) is a particular case of the factorization formula known in the theory of 
the supersymmetric polynomials [BR, PT]. 

4.1 Parameterization of the single column and the single row Schur functions 

Proposition 10 Let Ai(R,F) be the GL(m\n) type QM algebra satisfying the conditions i)-v) 
(see introduction). Then, the parameterization map (3.5), (3.6) assigns the following expressions 
to the generators {s[fc|i](M)}fc>o and {s[i|fc](M)}fe>o of the characteristic subalgebra Char(i?, F) 

k 

S[k\i\{M) ^ S[fe|i](/^,J^) = E^^(^~'^'")^fc-^(~^^)' (^■^) 

r=0 
k 

S[l\k]{M) ^ S[l|fe](/^,l') = Y^r^~^^^^k-r{(l~^l^) ■ (4.2) 

r=0 

Here er{q~^n) := E ^"""^11^2 ■ ■ ■ A^v and hr{-qv) := E i-'lY'^ii'^i2 ■ ■ ■ '^ir 

l<ii<...<ir<m l<ii<...<ir<n 

are the elementary symmetric and complete symmetric polynomials in m and n variables, re- 
spectively ([Mac], section 1.2). 
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Proof. We apply induction on k. By the Littlewood-Richardson rule (2.2) 

Dividing both sides of this equality by Sj^|^j(M) and using relations (3.5), (3.6) we get the 
parameterization formula for S(i) (M) 

= S[i|i] (m> = ei (g" V) + ei (-gz^) , 
which can be equivalently written as 

S[i\i]{l^,^) = ei(g"V) + hi{-qu) , or as S[i|i](//, z^) = ei{-qu) + /ii(g~V) • 

These formulae arc nothing but the eqs. (4.1) and (4.2) in case k = 1. 

Now, assuming the relations (4.1) and (4.2) are valid for all values of the index 1 < k < p 
we shall prove them for k = p. For definiteness, we check the eq.(4.2). The eq.(4.2) is worked 
out similarly. 

Let us write down the image of the relation (3.22) in the characteristic subalgebra, the case 
r = Q, k = p : 

min{p,m} 

(-l)^S(j,_i)(M)s[^l„p(M) = 0(n-p)s[^l„]^(M). (4.3) 

Here 9{i) := if i < 0, and 6{i) := 1 otherwise. Substituting the parametric expressions (3.5) 
and (3.6) for S[^|„].(M)/s[^|„](M) and S[m|n]p(^-^)/s[m|n](^) into (4.3) we find 

p 

S[l\p]{^J■,^) = epi-qu) - (4.4) 

i=l 

Now, using the induction assumption we substitute expressions (4.2) for the elements 
*[i|p-i](A*) 1 < ^ < into (4.4) and calculate 

p-i p-j 

S[i|p](/x,z/) = ep(-gz^) - ^ej(-gz^)^ ((-l)*/ip_j_i(g-V)ej(g"V)) 

i=o i=l 

p-i p 
= ep{-qu) + ej{-qi^) hp-j{q-^fi) = ^ ej{-qu) hp-j{q~^ix) , (4.5) 
j=0 j=0 



where in passing to the second line we used the Wronski relations (3.15) for the substitution 

p-3 

E( 

i=l 



Y,{-'^yhp-j-i{q ^n)ei{q V) = -hp-j{q V) • 



Calculation (4.5) completes the inductive proof of the eq.(4.2). ■ 
Let us recall the definition of the supersymmetric polynomials (see, e.g., [Stem]). 

Definition 11 Let x = {xi}i<i<rn (^nd y = {yj}i<j<n be two sets of independent commutative 
variables. A polynomial p G C[x,y] is said to be supersymmetric if 

a) p is invariant under permutations of xi, . . . , Xm! 
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b) p is invariant under permutations of yi, . . . 

c) upon substituting xi = yi = t in p, the resulting polynomial does not depend on t. 
An algebra of the supersymmetric polynomials is further denoted as T[x,y]. 

Obviously, the polynomials S[k\i]{l^->^) ^^'^ *[i|jfc](/") ^) given by eqs.(4.1), (4.2) satisfy the 
conditions a) and b) of the above definition with respect to variables Xi = q~^fJ-i and yj = —q^j- 
Validity of the property c) for them results from the following statement. 

Lemma 12 Denote {^'} := {^} \ {^1} = {fii}2<i<m , W} ■= {j^} \ {1^1} = {i^i}2<j<n- Then 
the polynomials S[i|fc](/x, z^) and S[fe|i](//, z^) satisfy expansions 

fc-1 , , 

S[i|fcl(^,i^) = S[i\k]{n ,u) + {q~ ij,i-qvi)2_^[q~ iiij S[i|^](// , 1/ ) , (4.6) 

r=0 
fc-1 

S[fc|i](^,i^) = sik\i]{n',i'') + {q-^ni-qui)Y,{-Qt'i)''~''~^sir\i]{n',iy')- (4.7) 

r=0 

Proof. For the elementary and complete symmetric functions one has 

k 

efc(M) = efc (//')+ Ml efc-i(M') > ^fc(/^) = X^(Mi)'' %-r(M') • 

r=0 

Substituting these formulae into eqs.(4.1) and (4.2) it is easy to derive formulae (4.6), (4.7). ■ 

We have checked that the polynomials S[fc|i](/U, 1^) and S[;^|^](/i, are supersymmetric. More- 
over, as was proved in [PT] (see theorem (3.1) and proposition (2.3) there) the algebra of super- 
symmetric polynomials T[q^^ i^, —qi/] can be generated by any one of the sets {s[i|fc](//, z^)}fc>o 
or {s[k\i]{iJ,,u)}k>Q. Therefore, as a direct consequence of the proposition 10 we get 

Corollary 13 In the conditions of the proposition 10 an image of the characteristic subalge- 
bra Char(i?, F) under the parameterization map (3.5), (3.6) is the algebra T[q''^ii.,—qv\ of the 
supersymmetric polynomials in the variables {q~^ ^^i\l<i<Jn cmd {— Q'z<j}i<j<n. 

4.2 Parameterization of the Schur function S[m\n]iM) 

In a derivation of the parameterization formula for S[^|„](M) we will use A. Kirillov's bilinear 
relations on the Schur functions (sec [Kir, KR, Kleb]) 

■^[m\n] -^[mln] ~ '5[m+l|n] '5[m-l|n] + '^[m|n+l] '^[m|n-l] V m, Tl = 1, 2, . . . . (4.8) 

To keep our presentation self-contained let us briefly describe how one can prove them using the 
Pliicker relations and the Jacobi-Trudi formulae. Actually, one can derive a more extensive set 
of relations. 

Lemma 14 For any integers a, b, m, n : 1 < a < m, 1 < b < n, the equalities 

a 

S[a\b]S[m\n] = (-'^T^'' ^[m\nU+b-k ^[a~l\b-l]''-'' 

fc=max{l,a+f>— n} 

b 

+ (-l)''~''*[m|n]«+b-'=«[a-l|6-l]fc_i (4.9) 

fc=max{l,a+6— m} 

are satisfied in the ring of symmetric functions A. 

Formulae (4-8) correspond to the choice a = m, b = n in eqs.(4.9). 
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Proof. Applying the Jacobi-Trudi relation (2.26) and using elementary properties of determi- 
nants we can write down determinantal presentations for the Schur functions S[^|„] and S[a\b] 



1 2 



hn—m+l* <^m+l* 

m m + 1 



•[a|6] 



5l* 62* ■ ■ ■ Sra+l—a* ^b—m+a—l* • • • ^6— m+1* ^b—m* 

1 2 ... m + 1 — a m + 2 — a ... m m + 1 



(4.10) 
(4.11) 



Here we use the matrix notation introduced in (2.23) and the symbols /ij* and ^j* denote the 
following matrix rows 



/li* :— {hi, hi+i, hi+2, ■ ■ •) 



^i-th place 
5» := (0,..., 0,1,0,...). 



Relations (4.9) result from an application of the Pliicker relations (2.24) for the set of data 
{A; = 1, ri = m + 1} to the product of determinants (4.10) and (4.11). ■ 
Now we are ready to prove the main result of this subsection. 

Proposition 15 Let A4{R,F) be the GL(m\n) type QM algebra satisfying the conditions i)-v) 
(see introduction). Then, the image of the Schur function Sj^|^j(M) under the parameterization 
map (3.5), (3.6) is given hy formula 



in. n 



(4.12) 



--lj=l 



Therefore, the invertibility of the Schur function S[m|„](M) implies invertibility of all factors 
{q~^Hi — quj) in the product (4--12) for 1 < i < m and I < j < n. 

Proof. Let us first multiply the image of the relation (4.8) in the characteristic subalge- 
bra Char(i?, i^) by (s[^|jj](M))~^ and then apply the parameterization map. By virtue of the 
relations (3.5), (3.6) the resulting formula reads 



*Hn](/^'^) =en(-gz^)S[„_l|„](/X,i^) + em{q V)5[^|„_i](M, 

Noticing that 

em(9~V)lw=o = Vz = l,...,m, e„(-gi^)|j,_o = Vj = l,...,n, 
we obtain for the super symmetric polynomial S[^|„](//, i^) 

*Hn] '')\q-^l^i=q'yj = «Hn](M, i^)Ui=t.,=0 = Vi, j : 1 < i < m, 1 < j < w. 



(4.13) 



(4.14) 



As immediately follows from the Jacobi-Trudi relation (2.26), the Schur function s^^^^^{fj,,i') is 

a homogeneous polynomial in the variables {q~^ lJ-i}i<.i<m and {qiyj}i<j<n of the order (m + n). 
Together with eq.(4.14) this implies 



Hi n 

\m\n] (m, i^) = a n n (^"Vi - q^j) , 



(4.15) 



i=lj=l 

where a is a numeric factor. To define a, observe the following consequence of (4.2) 

S(fe)(/^>z^)Ui=-=/^m=o = ek{-qiy). 
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Therefore 



[ml 



Ml = --- = (im- 



-0 = det(e„_i+j(-gi/)). . = (en( 



-qv 



i=l 



Comparing this result with eq.(4.15) at the point /xi = . . . = /x^ = 0, we find a = 1 thereby 
ending the proof. ■ 

Appendix 

Here we derive the q-combinatorial relations which are used in the proof of theorem 2. 

For an arbitrary set of pairwise different nonvanishing integers hi, i = l,2,...,k, we shall 
prove following relations 



■■■i)q 



n 



+1) 



bj + 1) 



k k 

' 'bj + k), A ib^ - b, + 1) 



E 



n 



1 kq{bj)q fj^ {bi-bj)q 



(A.l) 



(A.2) 



(A.3) 



A proof is by induction on k. Checking the case fc = 1 in relations (A.1)-(A.3) is an easy exercise. 
Now, assuming relations (A.l) are valid for all A; < m let us transform the expression in the left 
hand side of eq.(A.l) for A; = m + 1 



m+l /I I 1 \ 



h ibi\ 



(&m+l)g 



n 



ibi+l)q\ (5^+1 + 1)^ 



ibm+l)q 



^ q-'^ fV ib^ bj + 1), (6,,,.+, + 1), 



Here we used formula (A.l), case k = m, for the transformation of the last term in the first line. 
For further transformation we use the formula 



{bm+l + l)q _ {b„i+l -6+1) 



{bm+l)q {bm+l—b)q {bm+l) q{b — bm+l) q 

Substituting bj, j = 1,2, . . . m, for b in eq.(A.5) we continue the calculation 



(A.5) 



^^'^^ ^ihq S ^\h-bj)q 



q—bm+i 



( 



(b: 



'm+l)q 



fr{{bj-bm+l)ql{ {bi-bj)q 
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and then, applying relation (A.l) with the shifted set of integers 6j — > (fei — &m+i)) « = 1, 2, . . . , m, 
for the transformation of the last term we obtain 

•pi g-h •"+! (6, _ b, + 1), 



j=l f=l (bi - bj)q 

which proves formula (A.l) in the case k = m + 1. 

In order to prove eqs.(A.2), (A.3) we rewrite eq.(A.l), inverting the parameter q 

and form a linear combination ((A.l) • — (A. 6) • g~^) /{q — Q^^), where x takes on integer 
values. The resulting equality reads 

{k + x), [x),iY ^^^^^ -^^ ^^^^^ n . (A.7) 

The relations (A.2) and (A.3) are particular cases of the relation (A.7) for x = and x = —k, 
respectively. 



References 

[BR] Berele A. and Regev A., 'Hook Young diagrams with applications to combinatorics and 
to representations of Lie superalgebras'. Adv. in Math. 64 (1987) no. 2, 118-175. 

[Bl] Berezin F.A., 'Representations of the supergroup U{p,q)'. Funkcional. Anal, i Prilozen. 
10 (1976) no.3, 70-71 (in Russian). 

[B2] Berezin F.A., 'Introduction to superanalysis'. Edited and with a foreword by A. A. 
Kirillov. With an appendix by V. I. Ogievetsky. Translated from the Russian by J. 
Niedcrlc and R. Kotecky. Translation edited by Dimitri Leites. Mathematical Physics 
and Applied Mathematics, 9. D. Reidel Publishing Co., Dordrecht, 1987. 

[DKS] Damaskinsky E.V., Kulish P.P. and Sokolov M.A., 'Gauss decomposition for 
quantum groups and supergroups'. Zap. Nauch. Sem. POMI 211 (1995) 11-45; 
arXiv:math.QA/950500. 

[D] Drinfel'd V.G., 'Quantum groups'. Proceedings of the International Congress of Mathe- 
maticians, Vol. 1, (Berkeley, Calif., 1986), 798-820, Amer. Math. Soc, Providence, RI, 
1987. 

[EOW] Ewen H., Ogievetsky O. and Wess J., 'Quantum matrices in two dimensions'. Lett. 
Math. Phys. 22 (1991) no.4, 297-305. 



25 



[GL] Gould M.D. and Links J.R., 'General eigenvalue formula for Casimir invariants of type 
I quantum superalgebras'. J. Math. Phys. 37 (1996) no. 5, 2426-2456. 

[G.D] Gurevich D., 'Algebraic aspects of the Yang-Baxter equation'. Algebra i Analiz, 2, no. 
4 (1990) 119-148 (in Russian). English translation in: Leningrad Math. J. 2 (1991) 
801-828. 

[G.G] Gurevich G.B., 'Foundations of the Theory of Algebraic Invariants'. P. Noordhoff Ltd. 
Groningen, 1964; Russian edition: Moscow-Leningrad, 1948. 

[GPSl] Gurevich D., Pyatov P. and Saponov P., 'Hecke symmetries and characteristic relations 
on reflection equation algebras'. Lett. Math. Phys. 41 (1997) 255-264. 

[GPS2] Gurevich D., Pyatov P. and Saponov P., 'Cayley- Hamilton theorem for quantum matrix 
algebras of GL{rn\n) type'. Algebra i Analiz, 17, no. 1 (2005) 157-179 (in Russian). 
English translation in: arXiv:math.QA/0412192. 

[H] Hlavaty L., 'Quantized Braided Groups'. J. Math. Phys. 35 (1994) 2560-2569. 

[I] Isaev A. P., 'Quantum groups and Yang-Baxter equations'. Sov. J. Part. Nucl. 26 (1995) 
501-526; an updated version of this survey is published as MPIM Preprint 2004-132 (use 
http://www.mpim-bonn.mpg.de/html/preprints/preprints.html for uploads). 

[lOPl] Isaev A., Ogievetsky O. and Pyatov P., 'Generalized Cayley-Hamilton-Newton identi- 
ties'. QuantTuii groups and integrable systems (Prague, 1998). Czechoslovak J. Phys. 48 
(1998) no.ll, 1369-1374. 

[I0P2] Isaev A. P., Ogievetsky O.V. and Pyatov P.N., 'On quantum matrix algebras satisfying 
the Cayley- Hamilton-Newton identities'. J. Phys. A: Math. Gen. 32 (1999) L115-L121. 

[I0P3] Isaev A. P., Ogievetsky O.V. and Pyatov P.N., 'Cayley-Hamilton-Newton Identities and 
Quasitriangular H op f Algebras'. In Proc. of International Workshop "Super symmetries 
and Quantum Symmetries", July 27-31, 1999. Eds. E.Ivanov, S.Krivonos and A.Pashnev, 
JINR, Dubna E2-2000-82, pp. 397-405; arXiv:math.QA/9912197. 

[lOPS] Isaev A. P., Ogievetsky O.V., Pyatov P.N. and Saponov P.A., 'Characteristic Poly- 
nomials for Quantum Matrices'. In Proc. of International Conference in memory of 
V.I. Ogievetsky 'Supersymmctrics and Quantum symmetries', (Dubna, Russia, 1997). 
Eds. J. Wcss and E. Ivanov, Lecture Notes in Physics, vol. 524, pp. 322-330, Springer 
Verlag, 1998. 

[JG] Jarvis P.D. and Green H.S., 'Casimir invariants and characteristic identities for gen- 
erators of the general linear, special linear and orthosymplectic graded Lie algebras'. J. 
Math. Phys., 20 (1979) 2115-2122. 

[KTl] Kantor I. and Trishin I., 'On a concept of determinant in the supercase'. Comm. in 
Algebra 22 (1994) 3679-3739. 

[KT2] Kantor I. and Trishin I., 'On the Cayley-Hamilton equation in the supercase'. Comm. in 
Algebra 27 (1999) 233-259. 

[KhV] Khudaverdian H.M. and Voronov Th.Th., 'Berezinians, Exterior Powers and Recurrent 
Sequences'. arXiv:math.DG/0309188. 



26 



[Kir] Kirillov A.N., 'Completeness of states of the generalized Heisenberg magnet'. (Russian) 
Zap. Nauchn. Sem. Leningrad. Otdel. Mat. Inst. Steklov. (LOMI) 134 (1984) 169-189; 
English translation in J. Soviet Math. 36 (1987) 115-128. 

[KR] Kirillov A.N. and Reshetikhin N.Yu., 'Representations of Yangians and multiplicities of 
the inclusion of the irreducible components of the tensor product of representations of 
simple Lie algebras'. (Russian) Zap. Nauchn. Sem. Leningrad. Otdcl. Mat. Inst. Steklov. 
(LOMI) 160 (1987) 211-221; English translation in J. Soviet Math. 52 (1990) no.3, 
3156-3164. 

[Kleb] Kleber M., 'Pliicker relations on Schur functions'. J. Algebraic Combin. 13 (2001) no. 
2, 199-211; arXiv:math.QA/9907177. 

[KSas] Kulish P.P. and Sasaki R., 'Covariance Properties of Reflection Equation Algebras'. Prog. 
Theor. Phys. 89 (1993) 741-761. 

[KSkl] Kulish P.P. and Sklyanin E.K., 'Algebraic structures related to reflection equations'. J. 
Phys. A 25 (1992) no.22, 5963-5975. 

[LWZ] Lipan O., Wiegmann P.B. and Zabrodin A., 'Fusion rules for quantum transfer matrices 
as a dynamical system on Grassmann manifolds'. Modern Phys. Lett. A 12 (1997) no. 19, 
1369-1378. 

[LS] Lyubashenko V. and Sudbery A., 'Quantum supergroups of GL(n\m) type: differen- 
tial forms, Koszul complexes and Berezinians'. Duke Math. J. 90 (1997) no.l, 1-62; 
arXiv:hep-th/9311095. 

[Mac] Macdonald I. G., 'Symmetric Functions and Hall Polynomials (Oxford Mathematical 
Monographs)'. Oxford University Press, 1998. 

[M] Mudrov A., 'Quantum conjugacy classes of simple matrix groups'. 
arXiv:math.QA/0412538. 

[N] Nazarov M.L., 'Quantum Berezinian and the classical Capelli identity'. Lett. Math. 
Phys. 21 (1991) 123-131. 

[NT] Nazarov M. and Tarasov V., 'Yangians and Gelfand-Zetlin bases'. Publ Res. Inst. Math. 
Sci. 30 (1994) no.3, 459-478. 

[OPl] Ogievetsky O. and Pyatov P., 'Lecture on Hecke algebras', in Proc. of the Interna- 
tional School "Symmetries and Integrable Systems" Dubna, Russia, June 8-11, 1999. 
JINR, Dubna, D2,5-2000-218, pp.39-88; Preprint MPIM 2001-40 (for uploads use 
http: / /www. mpim-bonn.mpg.de /html / preprints /preprints. html) . 

[0P2] Ogievetsky O.V. and Pyatov P.N., 'Orthogonal and symplectic quantum matrix alge- 
bras and Cayley-Hamilton theorem for them'. Preprint MPIM 2005-53 (for uploads use 
http://www.mpim-bonn.mpg.de/html/preprints/preprints.html). 

[PT] Pragacz P. and Thorup A., 'On a Jacobi-Trudi identity for supersymmetric polynomials'. 
Adv. Math. 95 (1992) no.l, 8-17. 

[PS] Pyatov P. and Saponov P., 'Characteristic relations for quantum matrices'. J. Phys. A: 
Math. Gen. 28 (1995) 4415-4421. 



27 



[R] Ram A., 'Seminormal representations of Weyl groups and Iwahori-Hecke algebras'. Proc. 
of London Math. Soc. 75 (1997) 99-133; arXiv:math.RT/9511223. 

[RTF] Reshetikhin N.Yu., Takhtajan L.A. and Faddeev L.D., 'Quantization of Lie groups and 
Lie algebras'. Algebra i Analiz, 1, no. 1 (1989) 178-206 (in Russian). English translation 
in: Leningrad Math. J. 1 (1990) 193-225. 

[SI] Sergeev A.N., 'The invariant polynomials on simple Lie superalgebras'. Represent. The- 
ory 3 (1999) 250-280. 

[S2] Sergeev A.N., 'The tenzor algebra of the identical representation as a module over the Lie 
superalgebras el{n,m) and Q{n)'. Mat. Sbornik 123 (1984) no.3, 422-430 (in Russian). 
English translation in: Sb. Math. 51 (1985) no.2, 419-427. 

[Stem] Stembridge J.R., 'A Characterization of Supersymmetric Polynomials'. J. Algebra 95 
(1985) 439-444. 

[Stur] Sturmfels B., 'Algorithms in Invariant Theory'. Texts and Monographs in Symbolic 
Computation. Springer- Verlag, Vienna, 1993. 

[T] Trishin LM., 'On representations of the Cayley-Hamilton equation in the supercase'. 
Comm. in Algebra 27 (1999) 261-287. 

[TW] Tuba L and Wenzl H., 'On braided tensor categories of type BCD'. J. Reine Angew. 
Math. 581 (2005), 31-69; arXiv:math.QA/0301142. 

[Zh] Zhang J.J., 'The quantum Cayley-Hamilton theorem'. J. Pure Appl. Algebra 129 (1998) 
no.l, 101-109. 



28 



